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ABSTRACT
The prediction of the equation of state of hot dense nuclear matter is one of the most complicated and
interesting problems in Nuclear Astrophysics. At the same time, its knowledge is the basic ingredient for
some of the most interesting studies. In the present work we concentrate our study on the construction
of the equation of state of hot dense nuclear matter, related mainly to the interior of the neutron star
core. We employ a theoretical nuclear model, which includes momentum dependent interaction among
the nucleons, along with the state-of-the-art microscopic calculations. Thermal effects are introduced in
a self-consistent way and a set of isothermal equations of state are predicted. The predicted equations
of state are used in order to acquire and to extend the knowledge of thermal effect both on non-rotating
and rapidly rotating with the Kepler frequency neutron stars. The simultaneously study of thermal
and rotation effect provide useful information for some of the most important quantities, including the
mass (gravitational and baryon) and radius, the Kepler frequency and kerr parameter, the moment of
inertia etc. These quantities are directly related to studies of proto-neutron stars and mainly the hot
and rapidly rotating remnant of a binary neutron stars merger. Data from the late observations of
binary neutron stars mergers and the present study may offer useful tools for their investigation and
help in providing possible constraints on the equation of state of nuclear matter.
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1. INTRODUCTION
Neutron stars are the way for the Universe to manifest
its densest objects with an internal structure. Their
study requires the use of General Relativity, as their
hydrodynamical equilibrium is described by the Tolman-
Oppenheimer-Volkoff (TOV) differential equations. In
order to proceed with the TOV equations, the equation
of state (EOS) of the fluid in the interior of the star is
mandatory. However, the EOS still remains uncertain,
both from a theoretical and experimental point of view.
This uncertainty is well reflected on the predicted bulk
properties of a neutron star. Since there is a limitation
on the experimental data concerning the dense nuclear
matter, we concentrated on the systematic study on the
existed observational ones. These studies are mainly
related to the observation of isolated non-rotating or
rotating neutron stars, the evolution of pulsars, as well
as of binary neutron stars on neutron star-black hole
systems, supernovae explosions etc.
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Until this moment, the observation of non/slow ro-
tating neutron stars have provided us with severe con-
straints on the dense nuclear matter through their max-
imum possible mass. The most recent ones are the PSR
J0740+6620 with M = 2.14+0.10
−0.09 M⊙ (Cromartie et al.
2019) and the more uncertain one, PSR J2215+5135
with M = 2.27+0.17
−0.15 M⊙ (Linares et al. 2018). How-
ever, the very recent observation of gravitational
waves from a merging neutron stars binary system
(GW170817) (Abbott et al. 2017) opened a new, very
important source to probe and also to improve our
knowledge on the EOS in multiple ways. To be more
specific, the EOS of both cold and hot nuclear matter
affects considerably the dynamic process of the prior
and post merger phase of binary neutron stars, which
lead to a hot remnant. In this process it is also included
the tidal polarizability during the inspiral of a binary
system. In addition, after the merger, the maximum
stable mass, the spin period, and the lifetime of the
remnant strongly depend on the dense matter proper-
ties at high temperature and entropy. In particular, the
evolution and the possible final stage of the remnant are
sensitive on the EOS, including (a) the time scale for
the gravitation collapse to a black hole, (b) the possi-
2bility of a phase transition to other degrees of freedom
(hyperons, quarks etc.) which may lead to collapse to
a black hole (due to softening of the EOS), and (c) the
creation of a disk around the remnant, the ejecta and
the neutrino emission.
In the earlier years, a pioneering work has been made
for the study of hot EOS for astrophysical applica-
tions, including the studies by Bethe et al. (Bethe et al.
1979), Lamb et al. (Lamb et al. 1978), Lattimer and
Ravenhall (Lattimer & Ravenhall 1978), J.M. Lat-
timer (Lattimer 1981), and G.E. Brown et al. (Brown et al.
1982). Over the years, the most used EOSs of hot neu-
tron star matter are (a) the liquid-drop type model con-
structed by Lattimer and Swesty (Lattimer & Swesty
1991) and (b) the one by Shen et el. (Shen et al. 1998)
where the relativistic mean field model is employed.
Later on, Shen et al. (Shen et al. 1998) extended their
study to generate EOSs of nuclear matter for a wide
range of temperatures, densities, and proton fractions
for applications in supernovae, neutron stars mergers,
and black hole formation simulations by employing also
a full relativistic mean field (Shen et al. 2011).
Wellenhofer et al. (Wellenhofer et al. 2015) inves-
tigated the density and temperature dependence of
the nuclear symmetry free energy using microscopic
two and three body nuclear potentials constructed
from Chiral effective field theory. Constantinou et
al. (Constantinou et al. 2014, 2015) derived a hot
EOS suitable to describe supernovae and hot neu-
tron stars properties. Temperature effects on the
neutron matter EOS are investigated in the frame-
work of Chiral effective field theory by Sammarruca
et al. (Sammarruca et al. 2020). The properties of
hot β−stable nuclear matter, using EOSs derived
within the Brueckner-Hartree-Fock approach at fi-
nite temperature, has been provided in a series of
papers (Lu et al. 2019; Burgio, G. F. & Schulze, H.-J.
2010; Nicotra, O. E. et al. 2006; Lu et al. 2020; Shang et al.
2020; Figura et al. 2020; Wei et al. 2020; Fortin et al.
2018; Baldo & Burgio 2016). Raithel et al. derived
a model which allows the extension of any cold nu-
cleonic EOS, including piecewise polytropes, to ar-
bitrary temperature and proton fraction for use in
calculations and numerical simulations of astrophysi-
cal phenomena (Raithel et al. 2019). For a recent re-
view of hot EOS of dense matter and neutron star see
Ref. (Lattimer & Prakash 2016).
In the last forty years, a lot of theoretical work has
been dedicated to studying the processes of merger
and post merger phase of a binary neutron star sys-
tem, and actually, important progress has also been
achieved. However, there are many relevant issues
that still remain unsolved, or at least under consid-
eration. In general, we refer to the remnant evolu-
tion including mainly the collapse time and threshold
mass. Moreover, the possibility of a phase transition
in the interior of the remnant may affect the signal
of the emitted gravitational waves. In addition, mat-
ters under consideration are also the disc ejecta and
the neutrino emission properties, which are sensitive to
the employed EOS (for an extended discussion and ap-
plications see Ref. (Perego et al. 2019)). Some previ-
ous work is also included in Refs. (Tsokaros et al. 2020;
Kaplan et al. 2014; Bauswein et al. 2010; Yasin et al.
2020; Radice et al. 2020).
The present work consists of two parts. In the first
part of the paper we investigate the bulk properties
of hot nuclear and neutron star matter. In particular,
we apply a momentum dependent effective interaction
model (MDI), where thermal effects can be studied si-
multaneously on the kinetic part of the energy and also
on the interaction one. The advantage of the present
model, compared to others, is that the thermal effects
are introduced in a self-consistent way. To be more spe-
cific, we rigorously enforce the thermodynamic laws de-
scribing the hot dense nuclear matter. In addition, this
model can be extended in order to modify the stiffness
of the proposed EOS by parametrized properly the nu-
clear symmetry energy. It is worth pointing out that
over the years appeared a large number of EOSs of hot
nuclear matter and neutron star matter for astrophys-
ical applications, employing various theoretical models
and approximations. However, most of them is ques-
tionable in the meaning that the thermal effects are not
included in the cold EOS in a self-consistent way rather
in an artificial one. This point has already pointed out
in Ref. (Constantinou et al. 2015). Actually, the present
model was introduced by Gale et al. (Gale et al. 1987) in
order to examine the influence of momentum dependent
interaction on the momentum flow of heavy-ion colli-
sions. Nonetheless, over the years the model has been
extensively applied to study the properties of cold and
hot nuclear and neutron star matter (for a review of
the model see Refs. (Prakash et al. 1997; Li & Schro¨der
2001; Li et al. 2008)).
Moving on to the second part of the paper, a set of
thermodynamically consistent isothermal EOSs, based
on the parametrized cold one, are produced. Their even-
tual purpose is the application for an extensive study
on the bulk properties (including mainly the mass and
radius, moment of inertia, kerr parameter etc.) both
at non-rotating and rotating with the Kepler frequency
neutron stars. We pay special attention to the sequences
of constant baryon mass (baryon mass is equal to the
3rest mass) and examine the peculiar role of the kerr pa-
rameter. Finally, we dedicate a part for the study of a
few post merger processes, such as the hot, rapidly ro-
tating remnant and the threshold mass, and we connect
them with the derived EOSs.
The paper is structured as follows. In Section 2 we
present the details of the theoretical nuclear model pay-
ing special attention to the specific parametrization. In
Section 3 the thermodynamical description of hot nu-
clear matter is provided, while in Section 4 the rapidly
rotating configuration is analysed. Section 5 is dedicated
to the discussion of the conclusions and Section 6 lays
out the scientific remarks. Finally, Section 7 contains
the computational recipe and the Appendices provide
the formulation and details of the thermodynamical de-
scription.
2. THE NUCLEAR MODEL
2.1. Momentum dependent interaction model
The MDI model, applied in the present work, com-
bines both density and momentum dependent interac-
tion among the nucleons. Actually, the main origin of
the momentum dependence in the Bruecner theory is the
non-locality of the exchange interaction. It was state-
ment by Bertsch et al. (Bertsch & Gupta 1988) that
a single particle potential which depends only on the
baryon density, is oversimplified. In particular, it is well
known that nuclear interaction has strong exchange ef-
fects that give rise to a momentum dependence in the
single particle potential, and as a consequence, it has
an effect on the energy density functional. The present
model was introduced by Gale et al. (Gale et al. 1987,
1990; Bertsch & Gupta 1988; Prakash et al. 1988) to ex-
amine the influence of momentum dependent interac-
tions on the momentum flow of heavy-ion collisions.
Over the years, the model has been modified, elaborated
and, extensively applied in the study not only of heavy-
ion collisions but also the properties of nuclear matter
by proper modification (Das et al. 2003, 2007; Li et al.
2004b; Chen et al. 2005; Xu et al. 2007a; Csernai et al.
1992; Modarres 1997; Sumiyoshi & Toki 1994; Li et al.
2004a). In the following we present some details of the
model.
The energy density of the asymmetric nuclear matter
(ANM) is given by the relation
E(nn, np, T ) = Enkin(nn, T )+Epkin(np, T )+Vint(nn, np, T ),
(1)
where nn, np and n = nn + np are the neutron, pro-
ton and total baryon density, respectively. The specific
contribution of the kinetic parts, from neutrons and pro-
tons, are given by the integrals
Eτkin(nτ , T ) = 2
∫
d3k
(2pi)3
~
2k2
2m
fτ (nτ , k, T ), (2)
where τ = n, p and fτ is the Fermi-Dirac distribution
function with the form
fτ (nτ , k, T ) =
[
1 + exp
(
eτ (nτ , k, T )− µτ (nτ , T )
T
)]−1
,
(3)
where eτ (nτ , k, T ) is the single particle energy (SPE)
and µτ (nτ , T ) is the chemical potential for each species.
As for the nucleon density nτ , its evaluation is possible
through the integral
nτ = 2
∫
d3k
(2pi)3
fτ (nτ , k, T ). (4)
The SPE is available through the form
eτ (nτ , k, T ) =
~
2k2
2m
+ Uτ (nτ , k, T ), (5)
where the single particle potential Uτ (nτ , k, T ) is ob-
tained by the functional derivative of the interaction
part of the energy density with respect to the distri-
bution function fτ . Including the effect of finite-range
forces among nucleons, in order to avoid acausal be-
havior at high densities, the potential contribution is
parametrized as follows (Prakash et al. 1997)
Vint(nn, np, T ) = VA + VB + VC (6)
with
VA =
1
3
Ans
[
3
2
−
(
1
2
+ x0
)
I2
]
u2, (7)
VB =
2
3
Bns
[
3
2
− ( 1
2
+ x3
)
I2
]
uσ+1
1 + 2
3
B′
[
3
2
− ( 1
2
+ x3
)
I2
]
uσ−1
, (8)
VC = u
∑
i=1,2
[
Ci
(J in + J ip)+ I (Ci − 8Zi)5 (J in − J ip)
]
,
(9)
where
J iτ = 2
∫
d3k
(2pi)3
g(k,Λi)fτ (nτ , k, T ). (10)
The quantities that appear in Eq. (6) are in order: (a)
the asymmetry parameter I = (nn − np)/n which is re-
lated to proton fraction Yp, as I = 1 − 2Yp, (b) the
u = n/ns, where ns = 0.16 fm
−3 denotes the saturation
density of nuclear matter, (c) the parameters A, B, σ,
C1, C2, and B
′ which appear in the description of sym-
metric nuclear matter (SNM) and are chosen in order
4Table 1. Properties of nuclear matter
(NM) at the saturation density for the
MDI+APR1 EOS
Properties of NM MDI+APR1 Units
L 77.696 MeV
Qsym 223.061 MeV
Ksym 0.016 MeV
Esym 31.071 MeV
Qs −25.687 MeV
Ks 220.671 MeV
m∗τ/mτ 0.822
Note—Description for the reported quanti-
ties is provided to Appendix A.
to fulfil the values of E(ns) = −16 MeV, ns, and in-
compressibility Ks ∼ 220 MeV, and (d) the parameters
x0, x3, Z1, and Z2 which are suitably determined in or-
der to describe the properties of ANM (Prakash et al.
1997). This model has the flexibility, with a proper
parametrization, to be able to closely approximate the
results of more physically motivated models (i.e. origi-
nated from more elaborated nuclear models).
In principle, Eqs. (7) and (8) are the aftermath of the
local contact nuclear interaction which leads to power
density contributions. In particular, Eq. (7) is dedicated
to the attractive interaction, while Eq. (8) to the repul-
sive one. Although Eqs. (7) and (8) are independent of
the temperature, Eq. (9) includes the effects of temper-
ature as it describing the finite range interactions with
a specific g(k,Λi) function. While at low densities the
interaction is attractive and significant, at high densities
this effect is tending to disappear. The function g(k,Λi)
is suitably chosen in order to simulate finite range ef-
fects, and in the present work reads as
g(k,Λi) =
[
1 +
(
k
Λi
)2]−1
(11)
with the parametrization Λ1 = 1.5k
0
F and Λ2 = 3k
0
F
(k0F is the Fermi momentum of nuclear matter at the
saturation density ns).
2.2. The parametrization of the model
The construction of the EOSs for the description of
neutron stars is based on the MDI model and the data
provided by Akmal et al. (Akmal et al. 1998) for the
APR-1 EOS (hereafter MDI+APR1). Its schematic pre-
sentation is presented in Figure 1. This model, as a
microscopic one, is available via ab initio calculations.
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Figure 1. Symmetric nuclear matter and pure neutron mat-
ter fits for the MDI+APR1 cold EOS. The SNM is presented
with the circles and the solid line while the PNM is presented
with the triangles and the dashed line. The shaded region
corresponds to benchmark calculations of the energy per par-
ticle of PNM extracted from Ref. (Piarulli et al. 2020).
The explicit use of the MDI model it is not only due to
its numerous advantages, but also to its ability to ex-
press the energy per particle as a function of the density
and momentum. This property is the one that allows
the extension of its parametrization to finite tempera-
ture which is suitable for studying processes sensitive
to thermal effects, including core-collapse supernovae,
proto-neutron stars, neutron stars mergers etc.
Using this parametrization we have constructed eleven
EOSs (one cold and ten hot EOSs) based on vari-
ous temperatures in the range [0, 60] MeV. The ad-
vantages of the MDI+APR1 EOS are: (a) repro-
duces with high accuracy the properties of SNM at
the saturation density (including isovector quanti-
ties Ks and Qs) which are shown in Table 1, (b)
reproduces correctly the microscopic calculation of
the Chiral model (Hebeler & Schwenk 2010) for pure
neutron matter (PNM) (for low densities) and the
results of state-of-the-art calculations of Akmal et
al. (Akmal et al. 1998) (for high densities), and (c) pre-
dicts maximum neutron star mass at least higher than
the observed ones (Demorest et al. 2010; Fonseca et al.
2016; Arzoumanian et al. 2018; Antoniadis et al. 2013;
Cromartie et al. 2019; Linares et al. 2018). For the solid
crust region we adopted two models. For the cold case
we applied the EOS of Feynman et al. (Feynman et al.
1949) and also Baym et al. (Baym et al. 1971), while
for the finite temperature cases, the EOS of Lattimer
5and Swesty (Lattimer & Swesty 1991) and the specific
model corresponding to the incomprehensibility mod-
ulus at the saturation density of symmetric matter
Ks = 220 MeV is used (available for download from
https://www.stellarcollapse.org).
3. THERMODYNAMICS OF HOT NEUTRON STAR
MATTER
The study of the properties of nuclear matter at finite
temperature requires the knowledge of the Helmholtz
free energy F . The differential of the total free energy
F and the total internal energy E (total free/internal
energy of baryons contained in volume V ) are given
as (Goodstein 1985; Fetter & Walecka 2003)
dF = −SdT − PdV +
∑
i
µidNi, (12)
dE = TdS − PdV +
∑
i
µidNi, (13)
where S is the total entropy of baryons, and µi, Ni are
the chemical potential and the number of particles of
each species respectively. The free energy per particle
F can be written as
F (n, T, I) = E(n, T, I)− TS(n, T, I), (14)
with E = E/n and S = s/n being the internal energy
and entropy per particle respectively. It has to be noted
here that for T = 0 MeV, Eq. (14) leads to the equality
between free and internal energy.
The entropy density s, which appears in Eq. (14), has
the same functional form with that of a non-interacting
gas system, given by the equation
sτ (n, T, I) = −2
∫
d3k
(2pi)3
[fτ ln fτ + (1 − fτ ) ln(1− fτ )] .
(15)
For the described thermodynamic system, pressure and
chemical potentials are defined as follows
P = −∂E
∂V
∣∣∣∣∣
S,Ni
= n2
∂ (E/n)
∂n
∣∣∣∣∣
S,Ni
, (16)
µi =
∂E
∂Ni
∣∣∣∣∣
S,V,Nj 6=i
=
∂E
∂ni
∣∣∣∣∣
S,V,nj 6=i
. (17)
3.1. Isothermal process
In what follows, we will restrict our study on the EOS
of nuclear matter and its properties by considering an
isothermal process. In this configuration, the pressure
and chemical potentials are connected with the deriva-
tive of the total free energy F and defined as
P = −∂F
∂V
∣∣∣∣∣
T,Ni
= n2
∂ (f/n)
∂n
∣∣∣∣∣
T,Ni
, (18)
µi =
∂F
∂Ni
∣∣∣∣∣
T,V,Nj 6=i
=
∂f
∂ni
∣∣∣∣∣
T,V,nj 6=i
, (19)
where f denotes the free energy density. Even more, the
pressure P can be calculated also from (Goodstein 1985;
Fetter & Walecka 2003)
P = Ts− E +
∑
i
µini. (20)
The calculation of the entropy per particle S(n, T ) is
being by differentiating the free energy density f with
respect to the temperature
S(n, T ) = −∂ (f/n)
∂T
∣∣∣∣∣
V,Ni
. (21)
The comparison between Eqs. (15) and (21) for the en-
tropy, provides a testing criterion of the approximation
used in the present work.
By applying Eq. (19), the chemical potentials take
the form (for a proof see (Prakash 1994) as well
as (Burgio et al. 2007; Nicotra, O. E. et al. 2006))
µn = F + u
∂F
∂u
∣∣∣∣∣
Yp,T
− Yp ∂F
∂Yp
∣∣∣∣∣
n,T
, (22a)
µp = µn +
∂F
∂Yp
∣∣∣∣∣
n,T
, (22b)
µˆ = µn − µp = − ∂F
∂Yp
∣∣∣∣∣
n,T
. (22c)
The free energy F (n, T, I) and the internal energy
E(n, T, I) per particle can be expressed by the fol-
lowing parabolic approximations (Burgio et al. 2007;
Nicotra, O. E. et al. 2006; Xu et al. 2007b; Moustakidis
2008; Moustakidis & Panos 2009)
F (n, T, I) = F (n, T, I = 0) + I2Fsym(n, T ), (23a)
E(n, T, I) = E(n, T, I = 0) + I2Esym(n, T ), (23b)
where
Fsym(n, T ) = F (n, T, I = 1)− F (n, T, I = 0), (24a)
Esym(n, T ) = E(n, T, I = 1)− E(n, T, I = 0). (24b)
In order to apply the above approximation, the
validity checking of the parabolic law is manda-
tory. It has been proved that the parabolic law
6is well satisfied not only for the internal energy
but also for the free energy (Burgio et al. 2007;
Nicotra, O. E. et al. 2006; Xu et al. 2007b; Moustakidis
2008; Moustakidis & Panos 2009)
The key quantity of Eq. (22c) can be obtained by using
Eq. (23a) as
µˆ = µn − µp = 4(1− 2Yp)Fsym(n, T ). (25)
This equation is similar to that obtained for cold
catalyzed nuclear matter by replacing Esym(n) with
Fsym(n, T ).
It is intuitive to assume, based mainly on Eq. (23a)
and (23b), that the entropy must also exhibit a
quadratic dependence of asymmetry parameter I, that
is according to the parabolic law (Moustakidis 2009)
S(n, T, I) = S(n, T, I = 0) + I2Ssym(n, T ), (26)
where
Ssym(n, T ) = S(n, T, I = 1)− S(n, T, I = 0)
=
1
T
(Esym(n, T )− Fsym(n, T )). (27)
3.2. Leptons contribution to equation of state
Nuclear matter at high densities in order to be sta-
ble must be in chemical equilibrium for all reactions (in-
cluding the weak interactions). In addition, β decay and
electron capture would take place simultaneously as
n −→ p+ e− + ν¯e, and p+ e− −→ n+ νe. (28)
Both of them affect directly the EOS as they change
the electron per nucleon fraction Ye. By assuming that
the generated neutrinos have already left the system,
the absence of neutrino-trapping has a dramatic effect
on the EOS as a significant change on the values of the
proton fraction Yp is in order (Takatsuka et al. 1994;
Takatsuka 1996). The absence of neutrinos implies that
µˆ = µn − µp = µe. (29)
In time when the energy of electrons is greater than the
one of other leptons, the most preferred energy state for
the electrons is to convert to leptons as
e− −→ l− + ν¯l + νe. (30)
The chemical equilibrium is established by the above
process and its inverse is given by
µe = µl. (31)
In particular, we consider that nuclear matter contains
neutrons, protons, electrons, and muons. As the thresh-
old for muons is established at µµ = mµc
2 ≃ 105.7 MeV,
we expect them to merely appear at the saturation nu-
clear density. Nonetheless, these particles are considered
to be in a β-equilibrium state, where the following rela-
tions hold
µn = µp + µe, and µe = µµ. (32)
The neutrality charge condition is also satisfied through
the relation
np = ne + nµ. (33)
The density of leptons (electrons and muons) is ex-
pressed through the relation
nl =
2
(2pi)3
∫
d3k
1 + exp
[√
~2k2c2+m2
l
c4−µl
T
] . (34)
Eqs. (25), and (32) - (34) are solved in a self-consistent
way for the calculation of the proton fraction Yp, the lep-
ton fractions Ye, and Yµ, as well as the electron chemical
potential µe as a function of the baryon density n, for
various values of the temperature T .
Afterwards, the energy density and pressure of leptons
is calculated through the following formulas
El(nl, T ) = 2
(2pi)3
∫
d3k
√
~2k2c2 +m2l c
4
1 + exp
[√
~2k2c2+m2
l
c4−µl
T
] , (35)
Pl(nl, T ) =
1
3
2(~c)2
(2pi)3
∫
1√
~2k2c2 +m2l c
4
× d
3k k2
1 + exp
[√
~2k2c2+m2
l
c4−µl
T
] . (36)
The chemical potentials of electrons and muons, which
are equal, according to Eqs. (25) and (32) are
µe = µµ = µp − µn = 4I(n, T )Fsym(n, T ). (37)
Eq. (37) is crucial for the calculation of the proton frac-
tion as a function of the baryon density and for various
temperatures. The EOS of hot nuclear matter in β-
equilibrium state is provided through the calculation of
the total energy density Et as well as the total pressure
Pt. The total energy density is given by
Et(n, T, I) = Eb(n, T, I) +
∑
l=e,µ
El(n, T, I), (38)
where Eb(n, T, I) and El(n, T, I) are the contributions of
baryons and leptons respectively. The total pressure is
Pt(n, T, I) = Pb(n, T, I) +
∑
l=e,µ
Pl(n, T, I), (39)
7where Pb(n, T, I) is the contribution of baryons (see
Eq. (20))
Pb(n, T, I) =T
∑
τ=p,n
sτ (n, T, I)
+
∑
τ=n,p
nτµτ (n, T, I)− Eb(n, T, I), (40)
while Pl(n, T, I) is the contribution of leptons.
3.3. Approximation of the present study
In the present study, we take under consideration that
nuclear matter consists only of neutrons, protons, and
electrons. Therefore, electrons are the only leptons that
contribute to the energy density and pressure. Assuming
that for each value of temperature the proton fraction is
a well known function of the baryon density, Yp = Yp(n),
the total energy density reads as
Et(n, T, Yp) = Eb(n, T, Yp) + Ee(n, T, Yp), (41)
where
Eb(n, T, Yp) = nFPA + nTSPA, (42)
Ee(n, T, Yp) is given by Eq. (35) replacing the leptons
with electrons and µe from Eq. (37), and in the frame
of the parabolic approximation (PA) FPA and SPA are
defined as
FPA = FSNM(n, T, I = 0) + I
2Fsym(n, T ), (43a)
SPA = SSNM(n, T, I = 0) + I
2Ssym(n, T ). (43b)
In addition, the total pressure reads as
Pt(n, T, Yp) = Pb(n, T, Yp) + Pe(n, T, Yp), (44)
where
Pb(n, T, Yp) = n
2 ∂FPA(n, T, Yp)
∂n
∣∣∣∣∣
T,ni
, (45)
and Pe(n, T, Yp) is given by Eq. (35) replacing the lep-
tons with electrons and µe from Eq. (37).
Henceforth, in the present study, Eq. (41) for the en-
ergy density and Eq. (44) for the pressure, are the in-
gredients for the construction of isothermal EOSs of hot
nuclear matter in a β-equilibrium state.
3.4. Thermal index
Except proto-neutron stars and supernovae, hot EOSs
find their place in neutron stars mergers where the in-
crease of temperature is rather significant. A usual treat,
in order to study the effects of temperature on neutron
stars and to include thermal effects in neutron stars
mergers simulations, is the effective thermal index de-
fined as (Constantinou et al. 2014, 2015)
Γth(n) = 1 +
Pth(n)
Eth(n) , (46)
where Pth(n) and Eth(n) are the pressure and energy
density contribution to the cold EOS due to tempera-
ture. More precisely, for a specific value of temperature,
the right-hand side terms of Eq. (46) are defined as
Pth(n) = P (T, n)− P (T = 0, n), (47a)
Eth(n) = E(T, n)− E(T = 0, n). (47b)
It has to be noted that although Eq. (46) is artificially
and not self-consistently constructed, it has been widely
used in order to introduce the effects of temperature in
isothermal EOSs (Bauswein et al. 2010).
In most cases, the values of the thermal index are
taken to be constant, an approximation which seems to
be unrealistic since a high density dependence is sug-
gested by the interactions of cold catalyzed matter.
4. RAPIDLY ROTATING HOT NEUTRON STARS
The Einstein’s equations for a rigidly rotating neutron
star are the most suitable tool to describe its macro-
scopic properties. In this case the metric for curved
spacetime is (Weber 1996; Glendenning 2000)
ds2 = −e2νdt2 + e2φ (dϕ−Nϕdt2)
+ e2ω
(
dr2 + r2dθ2
)
, (48)
where ν, φ, Nϕ and, ω are metric functions that de-
pend on the coordinates r and θ. These equations are
solved numerically, coupled to hydrostatic equilibrium
condition, and with source terms given by that of a per-
fect fluid. The latter is possible if we neglect sources
of non-isotropic stresses, as well as viscous ones, and
heat transport. The energy-momentum tensor which
describes the perfect fluid is
T µν = (E + P )uµuν + Pgµν , (49)
where uµ and uµ is the fluid’s 4-velocity. The thermo-
dynamical quantities energy density and pressure are
denoted as E and P , respectively, and gµν denotes the
spacetime metric function.
For the numerical integration of the equilibrium equa-
tions we used the publicly available numerical code
nrotstar from C++ Lorene/Nrotstar library (LORENE
1998). The code uses a multi-domain spectral method
to solve the Einstein’s equations in a stationary and ax-
isymmetric spacetime with a matter source (for more
details see Section 7).
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Figure 2. Single particle potential of protons (neutrons) as a function of momentum in symmetric nuclear matter for
MDI+APR1 EOS (solid line) and baryon density (a) n=0.16 fm−3, (b) n=0.3 fm−3, and (c) n=0.5 fm−3. The dashed lines
correspond to various nuclear models for comparison from Refs. (Wiringa 1988; Li & Machleidt 1993). The inner figure presents
the Landau effective mass as a function of baryon density for the MDI+APR1 EOS.
5. DISCUSSION AND CONCLUSIONS
5.1. Single particle potentials and effective mass
Among the important tasks of this paper, prominent
position has the reliability of the implemented nuclear
model. As already mentioned, this model reproduces ac-
curately the bulk properties of SNM at low densities (in-
cluding saturation density, energy per particle, incom-
presibility etc.). This is important in order to ensure the
credibility of the EOS at low densities, a region which
mainly relates to the radius of the star and the crust-
core transition densities. In addition, we have compared
the predictions of PNM with those originated from the
very recent state-of-the-art calculations (shaded region
at Figure 1) (Piarulli et al. 2020). From Figure 1, it
is obvious that at very low densities the agreement is
quite satisfactory while for higher densities, a devia-
tion is exhibited. The latter is pointed and discussed
in Ref. (Piarulli et al. 2020).
In order to further check the EOS, we display in
Figure 2 the single particle potential (SPP) of pro-
tons (neutrons) in SNM as a function of the momen-
tum (Moustakidis 2008). In particular, we plotted the
SPP for three values of the baryon density. In each case
the results of numerous models are also presented for
comparison (Wiringa 1988; Li & Machleidt 1993). It is
observed that, although at the saturation density the
SPP exhibits lower values, for higher densities the re-
sults converge. Moreover, a mild dependence on the
values of the momentum is also presented, which is ex-
pected to be reflected to the dependence of the EOS on
temperature.
In addition, we have calculated the nucleon effective
mass. This property of nuclear matter characterizes the
momentum dependence of the SPP, as it provides useful
information concerning the strength of the interaction
among nucleons (Li et al. 2018). In general, the effec-
tive mass m∗τ depends on the baryon density, the isospin
asymmetry, and the momentum of the nucleons and is
determined by the momentum dependent single nucleon
potential
m∗τ
mτ
=
[
1 +
mτ
~2k
dUτ (n, I, k)
dk
]−1
. (50)
By employing the definition (50) at the Fermi momen-
tum k = kF , analytical expressions for the Landau ef-
fective mass are taken (see Appendix A). In an inner
window in Figure 2(a), we plotted the effective mass
of the nucleons as a function of the baryon density,
which at the saturation density ns was found to be
m∗τ/mτ = 0.822.
Another microscopic quantity of interest is the
isoscalar potential which is defined as Uiso = (Un +
Up)/2 (Moustakidis 2008). The momentum dependence
of the isoscalar potential is important for extracting
information about the SNM. In order to provide an ad-
ditional check of the validity of the model parameters,
which are customary, we calculated the isoscalar poten-
tial. As a more stingiest test, we compared it to the
ones predicted with the variational many body (VMB)
theory (Wiringa 1988; Li 2004). Thus, in Figure 3
we display the isoscalar potential as a function of the
baryon density, at four values of the momenta k in com-
parison to the VMB calculations (AV14 + UVII model).
We found that the predictions of the present work are
in a very good agreement with the VMB predictions up
to k ∼ 2 fm−1, but also even for higher values of the
momentum, where the tread is similar.
The nuclear symmetry potential (NSP), which refers
to the isovector part of the nucleon mean-field potential
in isospin ANM, can also depend on the temperature.
Most of the studies concerning the NSP have been car-
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Figure 3. Isoscalar potential as a function of baryon density
for the MDI+APR1 EOS (solid lines) and momentum in the
range [1 − 4] fm−1. For comparison the data of A14+UVII
model are also presented with dashed lines in the range [0.1−
0.5] fm−3 (Wiringa 1988).
ried out for zero temperature, whereas the temperature
dependence of the NSP so far has received little theoret-
ical attention. The NSP potential describes the differ-
ence among the neutron and proton SPP in neutron-rich
matter and has the form (Moustakidis 2008)
Usym(n, I, k, T ) =
Un(n, I, k, T )− Up(n, I, k, T )
2I
. (51)
In Figure 4 we display the Usym(n, I, k, T ) as a func-
tion of Ekin = ~
2k2/2mn for n = 0.16 fm
−3, I =
0.4, and T = 0 MeV. The shaded region corre-
sponds to empirical constraints (related to the system-
atic analysis of a large number of nucleon-nucleon scat-
tering experiments and (p,n) charge-exchange reactions
at beam energies up to 100 MeV) extracted from the
formula (Lane 1962; Dalen et al. 2005; van Dalen et al.
2005; [van Dalen] et al. 2004)
Usym(n, I, k, T ) ≈ a− bEkin, (52)
where a ≈ 22−34MeV and b ≈ 0.1−0.2. The prediction
of the present model lies inside the empirical region, ex-
cept for very low values of Ekin. It is worth pointing out
that with a proper parametrization of the MDI model,
we would be able to mimic the results, concerning all
SPP. However, in this study we focused on the predic-
tions of the experimental properties of SNM (saturation
density, energy per particle etc.). The latter is the most
important part and achieved with high accuracy with
the present model.
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Figure 4. Nuclear symmetry potential as a function of
kinetic energy for MDI+APR1 EOS. The shaded region
represents the empirical constraints implied from nucleon-
nucleon scattering experiments and charge-exchange reac-
tions at beam energies up to 100 MeV (Lane 1962).
5.2. Free energy and proton fraction
A key quantity related to the calculation of the proton
fraction via β-equilibrium is the free energy per particle.
In Figure 5 displayed the free energy per particle as a
function of the baryon density for temperatures in the
range [0, 60] MeV and the MDI+APR1 EOS, both for
(a) PNM and (b) SNM (in the following we refer only
to the MDI+APR1 EOS). As it is expected, due to the
quantum character of the hadronic matter, thermal ef-
fects are more pronounced at low densities while at high
densities there is a tendency for convergence. Moreover,
for practical reasons it is appropriate to have analytical
expressions for the dependence of the free energy both
on the baryon density and temperature. Following the
suggestion of Ref. (Lu et al. 2019), we employed the fol-
lowing functional form
F
A
(n, T ) = a0 +
(
a1 + a2t
2
)
n+ a3n
a4
+ a5t
2ln(n) +
(
a6t
2 + a7t
a8
)
/n, (53)
where t = T/100 MeV, and F/A, n are given in units
of MeV and fm−3, respectively. The parameters ai of
the fit, with i = 0− 8, for the SNM and PNM are listed
at Table 2. Eq. (53) is an excellent parametrization
for the free energy per particle in the ranges of density
0.08 fm−3 ≤ n ≤ 1 fm−3 and temperature 0 ≤ T ≤
60 MeV.
It is worth mentioning that according to Eqs. (15)
and (21) the entropy per baryon, which is related to
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Figure 5. Free energy per particle as a function of baryon density for (a) pure neutron matter and (b) symmetric nuclear
matter for temperatures in the range [0, 60] MeV and the MDI+APR1 EOS. Data and fits are presented with circles and solid
lines respectively. (The following figures also refer to the MDI+APR1 EOS)
Table 2. Parameters of Eq. (53) for
PNM and SNM of MDI+APR1 EOS.
Parameters PNM SNM
a0 0.000 −12.000
a1 37.814 −54.000
a2 −117.379 −140.000
a3 385.000 296.000
a4 2.078 2.261
a5 150.000 211.000
a6 −90.000 −64.000
a7 94.000 88.000
a8 2.140 2.350
free energy, is given also by the formula
S(n, T ) = −∂F
∂T
∣∣∣∣∣
n
. (54)
Thus, having the analytical expression (53) and through
Eq. (54) we checked the accuracy of the numerical calcu-
lation of the entropy from Eq. (15). We have confirmed
that there is a very good accuracy (between numerical
and analytical calculations) for the interval of densities
and temperatures which are under consideration.
The knowledge of the proton fraction is very impor-
tant since it is related not only to the specific structure
of a neutron star but also to some dynamical processes,
including mainly the cooling of the star through var-
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Figure 6. Proton fraction as a function of baryon density for
temperatures in the range [0, 60] MeV. The cold configura-
tion is presented with the solid line while hot configurations
with the dashed ones.
ious forms of the URCA process (Yakovlev & Pethick
2004). Figure 6 displays the proton fraction as a func-
tion of the baryon density for temperatures in the range
[0, 60] MeV. Our predictions are very close to those
found recently in Ref. (Lu et al. 2019) where the au-
thors employed a different nuclear model and approach.
In particular, while in the low density region the proton
fraction is very sensitive to the temperature, in the high
density region thermal effects are very mild. This is a
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Figure 7. Pressure as a function of baryon density for tem-
peratures in the range [0, 60] MeV. The cold configuration
is presented with the solid line while hot configurations with
the dashed ones.
direct consequence of the similar sensitivity of the free
energy per particle to temperature shown in Figure 5.
5.3. Equation of state and thermal index
Figure 7 displays the pressure as a function of
the baryon density for temperatures in the range
[0, 60] MeV. In particular, we present one EOS for
the cold catalyzed matter and ten isothermal ones. In
order to study in detail the effects of the temperature on
the EOS, we display in Figure 8 the (a) energy density
and (b) pressure thermal components as functions of the
baryon density. Both the thermal energy density and
pressure exhibit a non-monotonic density dependence
behavior with this effect being rather significant in ther-
mal pressure. In this case, while the individual thermal
pressures of protons and neutrons at fix partial densities
are increasing, the isospin asymmetry is decreasing with
temperature, which reduces the total baryon pressure;
an effect which is also presented in Figure 6.
The next functional step is studying the thermal in-
dex, a quantity which fully relies on the energy and
pressure thermal components. In Figure 9 we display
the thermal index as a function of the baryon density
for temperatures in the range [1, 60] MeV. An impor-
tant density dependence is clearly presented, especially
for temperatures in the range [1, 30] MeV. At higher
temperatures (T > 30 MeV), the thermal index has al-
most a constant value as its density dependence is rather
insignificant.
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Figure 8. Thermal component of (a) energy density and (b)
pressure as a function of baryon density for temperatures in
the range [1, 60] MeV.
We note here that due to thermal effects that anal-
ysed, Eq. (46) might be strongly violated, in particular
for EOSs with low values of temperatures (T ≤ 10 MeV)
and as a consequence, low values of proton fraction,
where the energy density and pressure thermal compo-
nents might even become negative (Lu et al. 2019).
5.4. Thermal effects on non-rotating neutron stars and
the threshold mass
We concentrate now our study on the bulk proper-
ties of non-rotating neutron stars. In Figure 10 we dis-
play the gravitational mass as a function of the corre-
sponding equatorial radius for temperatures in the range
[0, 60] MeV. It is worth clarifying that for T > 15 MeV
the crust is melting and another consideration must be
in order (i.e. hot nuclear matter). One possibility is to
employ the EOS of the core in whole region, while an-
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Figure 9. Thermal index as a function of baryon density for
temperatures in the range [1, 60] MeV. Black circles repre-
sent the central baryon density at which the maximum mass
configuration appears.
Table 3. Summary of non-rotating neutron stars bulk
properties
T Mmaxb M
max
gr Rmax n
c
b R1.4
(MeV) (M⊙) (M⊙) (km) (fm
−3) (km)
0 2.622 2.202 10.749 1.033 12.353
1 2.599 2.195 10.809 1.034 12.633
2 2.567 2.195 10.963 1.031 13.321
5 2.501 2.195 11.407 1.000 15.150
10 2.427 2.197 12.044 0.958 18.315
15 2.380 2.199 12.520 0.937 21.676
20 2.372 2.202 12.588 0.942 22.734
30 2.359 2.210 13.005 0.908 25.739
40 2.344 2.219 13.335 0.901 31.275
50 2.332 2.231 14.056 0.847 46.881
60 2.330 2.248 14.692 0.813 64.355
Note—Reported are the temperature T , the baryon mass
Mmaxb , the gravitational mass M
max
gr , the equatorial ra-
dius Rmax, and the central baryon density n
c
b. The above
properties correspond to maximum gravitational mass
configuration. The equatorial radius R1.4 at Mgr =
1.4 M⊙ is also noted.
other one, which has been followed in the present study,
is that for higher values than T = 15 MeV, to consider a
crust with fixed value at T = 15MeV and a core with the
corresponding temperature. Obviously this treatment is
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Figure 10. Gravitational mass as a function of equa-
torial radius for temperatures in the range [0, 60] MeV
at the non-rotating configuration. The cold configuration
is presented with the solid line while hot configurations
with the dashed ones. The shaded regions from bottom
to top represent the PSR J1614-2230 (Arzoumanian et al.
2018), PSR J0348+0432 (Antoniadis et al. 2013), and PSR
J0740+6620 (Cromartie et al. 2019) pulsar observations for
possible maximum mass. Black diamonds correspond to
maximum mass configuration in each case.
an approximation, but we consider that, at least for low
values of temperature (T ≤ 40 MeV), the predictions
are reliable.
We found that in the case of the maximum gravita-
tional mass, thermal effects are negligible. In partic-
ular, while for temperatures T ≤ 30 MeV the max-
imum mass decreases with temperature compared to
the cold EOSs, for temperatures T > 30 MeV in-
creases relatively. The above results confirm similar
studies concerning thermal effects on the maximum
neutron star mass (Lu et al. 2019; Figura et al. 2020;
Burgio, G. F. & Schulze, H.-J. 2010; Burgio et al. 2007;
Nicotra, O. E. et al. 2006). However, thermal effects ap-
pear to be significant for the radius of neutron stars,
where for neutron stars with Mgr = 1.4 M⊙ they can
reach a few times the radius of the cold one. We expect
these effects may be important in the case of rotating
neutron stars, since the rotation (and especially at the
Kepler limit) is sensitive both on the mass and the corre-
sponding radius of the non-rotating configuration. One
more interesting property is the baryon mass, where the
increase of temperature leads to lower baryon masses
than the cold EOS. In this consideration, the hotter the
EOS, the lower the mass that the star can withstand.
It has to be noted here that in the case of a very hot
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Figure 11. Frequency as a function of central stellar baryon
density for constant baryon mass sequences. The shaded re-
gion represents the forbidden region for the star where the
boundary solid line marks the Kepler frequency. Arrows are
shown to guide the evolution of the star. A region where pos-
sible phase transition may occur is also noted (Baym et al.
2018). In addition, the central mass density is presented in
the top axis corresponding to central baryon density.
neutron star (T = 60 MeV) although the central density
is 20% lower compared to the cold case, the correspond-
ing gravitational masses are comparable. These bulk
properties are summarized in Table 3.
In Figure 11 we display sequences of constant baryon
mass, up to the one that corresponds to the maximum
gravitational mass configuration, in case of cold catal-
ysed matter. From these sequences, it is clear that, dif-
ferently from the gravitational mass where changes are
negligible, as the frequency decreases, starting from the
Kepler frequency, the star gets considerably more dense.
The effect reaches its peak for baryon masses close to
the one that corresponds to the maximum gravitational
mass configuration (Mb = 2.62 M⊙) and it will be re-
flected in the particle composition and thermal proper-
ties. In addition, we have indicated the region where
a possible phase transition may occur (0.72 fm−3 ≤
ntr ≤ 0.88 fm−3) (Baym et al. 2018). Although that
the bounds of phase transition are roughly, Figure 11
may helps to figure out the region where a phase tran-
sition must be expected. Even more, Figure 11 helps
to define a lower limit on the baryon density, and con-
sequently on gravitational mass where a possible phase
transitions may takes place (a detailed analysis on this
issue has been given in Ref. (Glendenning 2000)).
Finally, for a given cold, catalysed EOS one can de-
fine the threshold binary mass that distinguishes the
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Figure 12. Gravitational mass as a function of the equato-
rial radius for temperatures in the range [0, 60] MeV at the
rotating configuration with Kepler frequency. The cold con-
figuration is presented with the solid line while hot configura-
tions with the dashed ones. The shaded regions from bottom
to top represent the PSR J1614-2230 (Arzoumanian et al.
2018), PSR J0348+0432 (Antoniadis et al. 2013), and PSR
J0740+6620 (Cromartie et al. 2019) pulsar observations with
possible maximum neutron star mass. Black diamonds cor-
respond to maximum mass configuration in each case.
prompt from delayed collapse. The former occurs when
Mmaxst > Mthres while the latter one, when M
max
st <
Mthres. A relation that describes the threshold mass as
a function of the compactness has been found recently
in Ref.(Kppel et al. 2019) and is given by
Mthres =M
max
st
(
3.06− 1.01
1− 1.34βmax
)
, (55)
where β is the compactness parameter of the star, de-
fined as
β =
G
c2
M
R
, (56)
and βmax corresponds to maximum mass configuration.
In our case, employing the values ofMmaxst and βmax, we
found that Mthres = 2.998 M⊙. Although the remnant
is expected to rotate differentially and not uniformly,
we present the threshold mass in this study in order
to show that uniform rotation cannot reach the values
of gravitational and baryon mass as Table 4 indicates.
The implementation of differential rotation will be the
subject of a forthcoming paper.
5.5. Thermal effects on rotating neutron stars
In Figure 12 we display the gravitational mass as
a function of the corresponding equatorial radius at
14
Table 4. Summary of uniformly rotating neutron stars bulk properties at mass-shedding limit
T Mmaxb M
max
gr Rmax n
c
b R1.4 fmax Kmax Imax (T/W )max
(MeV) (M⊙) (M⊙) (km) (fm
−3) (km) (Hz) (1038 kg m2) (10−1)
0 3.085 2.623 14.292 0.927 17.412 1689 0.692 3.949 1.299
1 2.983 2.549 13.299 0.935 15.504 1613 0.647 3.651 1.137
2 2.899 2.508 13.848 0.877 16.639 1525 0.622 3.597 1.055
5 2.730 2.419 13.887 0.879 18.501 1384 0.545 3.227 0.805
10 2.593 2.364 13.911 0.934 25.520 1285 0.478 2.914 0.612
15 2.514 2.338 14.340 0.934 26.895 1205 0.442 2.813 0.521
20 2.504 2.338 14.823 0.894 28.235 1165 0.436 2.866 0.508
30 2.479 2.334 15.183 0.875 32.195 1101 0.416 2.882 0.462
40 2.460 2.339 15.975 0.853 39.446 1062 0.407 2.935 0.442
50 2.436 2.339 16.167 0.856 60.992 1000 0.383 2.939 0.390
60 2.429 2.350 16.838 0.831 81.216 942 0.369 3.033 0.361
Note—Reported are the temperature T , the baryon mass Mmaxb , the gravitational mass M
max
gr , the
equatorial radius Rmax, the central baryon density n
c
b, the frequency fmax, the kerr parameter Kmax,
the moment of inertia Imax, and the ratio of rotating kinetic energy to gravitational energy (T/W )max.
The above properties correspond to maximum gravitational mass configuration. The equatorial radius
R1.4 at Mgr = 1.4 M⊙ configuration is also noted.
the mass-shedding limit for temperatures in the range
[0, 60] MeV. In the present study, the implementation
of temperature leads to lower values of Kelper frequency
than in the cold case. In general, as the temperature in-
creases, the bulk properties of neutron stars are affected.
In particular, the baryon mass, the gravitational mass,
the frequency, the kerr parameter, the moment of iner-
tia, and the ratio T/W are decreasing as the temper-
ature increases. There is an exception for the gravita-
tional mass and moment of inertia which follow a slightly
increasing path for T ≥ 40 MeV and T ≥ 15 MeV re-
spectively. Similar to the non-rotating case, the equato-
rial radius follows an increasing path (however it starts
from a lower value than the cold EOS) with the tem-
perature, where for neutron stars with Mgr = 1.4 M⊙ it
can reach several times the radius of the cold one with
a dramatic increase. These results are reflected on the
basic quantities which are sensitive on the radius, such
as moment of inertia and kerr parameter, and play sig-
nificant role on the time evolution of hot and rapidly
rotating neutron stars. In addition, an interesting effect
is provided through the central baryon density, where in
the case of high temperatures, T ≥ 50 MeV, a bizarre
increase is observed, related to the corresponding non-
rotating cases. The important outcome from this quan-
tity is that neutron stars with maximum central baryon
densities at or higher than the ones of the non-rotating
configuration may be unstable to gravitational collapse.
These bulk properties are summarized in Table 4.
As the temperature increases higher than T =
60 MeV, the central baryon density approaches fast the
nuclear saturation density. In this case, a sharp phase
transition between the core and the crust is indicated
and the study is not reliable any more. This particular
behavior may have its origin on various reasons. More
specific, the implementation of a crust with tempera-
ture T = 15 MeV fails to be in consistent with a very
hot core. This is a strongly indicator that a different
consideration must be taken into account, relying on a
different crust and/or the crust-core transition baryon
density. Unfortunately, studies of very hot neutron stars
are very rare and only under some specific assumptions.
For example, we found that at high temperatures the
interplay between the gravitational forces and the hot
EOS leads to a more complicated mass-radius diagrams
with additional maximum on the mass for low values
of central densities, which may be due to the erroneous
consideration of the crust. In any case, this is an open
problem and more elaborated calculations and assump-
tions must be considered.
5.6. Sequences of constant baryon mass on rotating
neutron stars
The sequences of constant baryon mass are a very use-
ful way to study thermal effects on the evolution, as
well as on the instability conditions of hot neutron stars.
However, as we have constructed isothermal EOSs, we
studied the same baryon mass configuration in temper-
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Figure 13. Kepler frequency as a function of (a) temperature and (b) baryon central density for constant baryon mass sequences.
(a) Solid lines correspond to fits originated from Eq. (57). (b) Solid line corresponds to the Eq. (58) and open circles mark the
high temperature region (T ≥ 15 MeV).
Table 5. Coefficients of the empirical relations (57) and (59) for baryon masses in the range [1.6−2.2] M⊙.
Baryon mass a0 a1 a2 a3 b0 b1 b2 b3 b4
(102) (10−3) (102) (10−1) (10−1) (10−3) (10−7) (10−1) (10−1)
1.6 M⊙ 4.060 −1.288 5.587 −1.385 4.353 −3.629 −8.326 −0.526 −3.325
1.8 M⊙ 5.223 −1.349 4.994 −1.430 4.803 −3.651 −5.797 −0.675 −2.985
2.0 M⊙ 6.264 −1.093 4.499 −1.338 5.214 −0.305 −5.334 −0.759 −2.669
2.2 M⊙ 7.626 −1.001 3.733 −1.421 5.853 1.554 −4.187 −1.032 −2.270
ature range [0, 60] MeV and eventually constructed a
sequence related to the cooling of a neutron star. In
particular, the quantities under consideration were the
Kepler frequency, the central baryon mass and the tem-
perature of each EOS.
In Figure 13(a) displayed the Kepler frequency as a
function of the temperature for four baryon masses.
As the temperature increases, the Kepler frequency
presents a reverse behavior. More specific, while from
[0−15] MeV the reduction of Kepler frequency is rather
abrupt, from [15− 60] MeV a smoother one is observed.
The dependence of the Kepler frequency on the temper-
ature is described by the formula
f(T ) = a0 + a1T
3 + a2 exp[a3T ] (Hz), (57)
where f and T are given in units of Hz and MeV, re-
spectively and the coefficients ai, with i = 0 − 3, are
presented in Table 5.
In addition, in Figure 13(b) displayed the Kepler fre-
quency as a function of the central baryon density for
four baryon masses. As the temperature increases, the
central baryon density presents an exceptional behav-
ior. To be more specific, as the temperature increases
from [0−10] MeV the central baryon density follows the
same path. However, in the range [15 − 60] MeV, the
central baryon density decreases. The interesting fact
in this range of temperatures is that every sequence of
constant baryon mass, not only present similar behav-
ior (which was expected), but also moves along a linear
relation described as
f(ncb) = −367.071+ 1926.6ncb (Hz), (58)
where f and ncb are given in units of Hz andMeV, respec-
tively. It is observed from Figure 13(b) that as the tem-
perature increases, after a critical point (T = 15 MeV),
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Figure 14. Central baryon density as a function of temper-
ature for constant baryon mass sequences. Solid lines cor-
respond to fits originated from Eq. (59). The configuration
corresponds to the mass-shedding limit.
the central baryon density presents a uniform distribu-
tion along the various baryon masses.
Since it is interesting to study the dependence of the
central baryon density on the temperature (for a neutron
star spinning with the Kepler frequency) we provide also
in Figure 14 the central baryon density as a function of
the temperature for four baryon masses. While for tem-
peratures in the range [0, 15] MeV the central baryon
density is increased, in the range [15, 60] MeV it follows
the opposite path, as its non-monotonic behavior is pre-
sented. This behavior can be described by the formula
ncb(T ) = b0+b1T
1/2+b2T
3+b3 exp[b4T ] (fm
−3), (59)
where ncb and T are given in units of fm
−3 and MeV,
respectively and the coefficients bi, with i = 0 − 4, are
presented in Table 5.
It has to be noted that for a given value of baryon
mass, the stability range of a neutron star is defined in
a specific temperature range. This is the reason why
in the corresponding figures there are not configurations
for some temperatures and baryon masses.
5.7. Moment of inertia, kerr parameter and ratio T/W
on rotating neutron stars
The study of rotating neutron stars offers much more
information concerning the EOS compared to non-
rotating ones. In the present work we focused in study-
ing the moment of inertia, the kerr parameter, and the
ratio of kinetic to gravitational binding energy (T/W )
at the mass-shedding limit.
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Figure 15. Dimensionless moment of inertia as a function of
compactness parameter for temperatures in the range [0, 60]
MeV. The cold configuration is presented with the solid line
while hot configurations with the dashed ones. The configu-
ration corresponds to the mass-shedding limit.
Figure 15 displays the dimensionless moment of iner-
tia as a function of the compactness parameter. The
dimensionless moment of inertia provides an important
constraint for the interior structure of neutron stars. Al-
though for low values of temperature, T ≤ 2 MeV, the
dimensionless moment of inertia is higher than the cold
EOS, for temperatures T > 2 MeV a reverse behavior is
presented. This result point to the conclusion that the
increase of temperature, except for some specific cases
(T ≤ 2 MeV), leads to lesser compact objects than the
cold EOS.
A quantity directly related to black holes and neutron
stars is the kerr parameter (dimensionless spin parame-
ter) which is defined as
K ≡ c
G
J
M2
=
c
G
IΩ
M2
. (60)
Its importance lies with the mass-shedding limit where
it takes the maximum allowed value. As it was shown in
Ref. (Koliogiannis & Moustakidis 2020) this limit rep-
resents an indicator of the final fate of the collapse of
a rotating compact star. In fact, it was found in a re-
cent work (Koliogiannis & Moustakidis 2020) that the
Kepler angular velocity is given by an almost EOS-
independent formula
Ωk = 2piCrot
(
M rotmax
M⊙
)1/2(
10km
Rrotmax
)3/2
, (61)
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Figure 16. (a) Kerr parameter as a function of gravitational mass for temperatures in the range [0, 60] MeV. The horizontal
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while moment of inertia corresponding to Kepler fre-
quency is given by (see also (Shao et al. 2020))
Ik
M rotmax(R
rot
max)
2
≃ 1.379βmax, (62)
where
βmax =
G
c2
M rotmax
Rrotmax
. (63)
From Eqs. (60) - (62) we found that, in a very good
approximation, the kerr parameter, at the Kepler fre-
quency (mass-shedding limit), is given by the simple
universal expression
Kk ≃ 1.34
√
βmax. (64)
Considering that for the majority of realistic EOSs the
relation 0.24 ≤ βmax ≤ 0.32 holds, we concluded that
0.66 ≤ Kk ≤ 0.76.
In Figure 16(a) displayed the kerr parameter as a
function of the gravitational mass for temperatures in
the range [0, 60] MeV. The effect of the tempera-
ture has a dramatic impact on kerr parameter. As
temperature increases, kerr parameter follows a de-
creasing trajectory, a behavior which is also shown
in Figure 16(b) where kerr parameter is plotted as a
function of the temperature for constant gravitational
masses. Having a limit for Kerr black holes (Thorne
1974) and one for neutron stars from Eq. (64) (see
also Ref. (Koliogiannis & Moustakidis 2020)), these val-
ues cannot be exceeded as the temperature in neutron
stars increasing. Therefore, the gravitational collapse of
a hot, uniformly rotating neutron star, constrained to
mass-energy and angular momentum conservation, can-
not lead to a maximally rotating Kerr black hole. Fur-
thermore, it is noticeable that after Mgr = 1 M⊙ while
in the cold EOS the kerr parameter presents a slightly
constant behavior, as the temperature increases, the se-
quences are leading to a maximum value corresponding
to the maximum mass configuration in each case. This
unique interplay between the angular momentum and
the gravitational mass is rather significant as the tem-
perature increases.
Non-axisymmetric peturbations are a way for a neu-
tron star to emit gravitational waves. In neutron stars
the point that locates the non-axisymmetric instability
is defined via the ratio of kinetic to gravitational bind-
ing energy T/W. Figure 17 displays the angular velocity
as a function of the ratio T/W. Instabilities driven by
gravitational radiation would set in at T/W ∼ 0.08 for
models with Mgr = 1.4 M⊙ (Morsink et al. 1999). Fig-
ure 17 shows that for sufficiently massive neutron stars
(EOSs with T ≤ 1 MeV) the non-axisymmetric instabil-
ity will set in before the mass-shedding limit is reached.
The information that can be gained is that the maxi-
mum gravitational mass, as well as the angular velocity,
for a specific EOS will be lowered. Furthermore, the in-
creasing of temperature leads to the conclusion that for
higher temperatures than T = 2 MeV, the instability
never occurs.
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From the relevant analysis on the quantities of this
Section, useful insight can be gained for the hot, rapidly
rotating remnant (at least T ≥ 30 MeV) after neutron
stars merger. Constraints on the hot, rapidly rotat-
ing remnant are possible through the dimensionless mo-
ment of inertia, kerr parameter and the ratio T/W . In
the first case, the compactness parameter is constraint
in the range βrem ≤ 0.23 while for the kerr param-
eter, the maximum allowed value is at Krem = 0.42,
about half the value of the cold EOS. As far as concern-
ing the ratio T/W, the maximum value reaches up to
(T/W )rem = 0.05. Considering all the above, the after-
math of a neutron stars merger, creates a lesser compact
star than the cold EOS, with lower values of maximum
gravitational mass and frequency. In addition, the rem-
nant that is formed, is highly stable toward the dynam-
ical instabilities.
However, it has to be noted that this analysis concerns
the uniform rotation. These values expected to change
if differential rotation is taken into account. A relevant
study will be the topic of a forthcoming paper.
6. REMARKS
Thermal pressure support on the isolated neutron
stars and in matter of merging (post-merger phase, rem-
nant) is not well understood. In this study we have
attempted to gain insight into these issues by construct-
ing and using a set of thermodynamically self-consistent
EOSs (isothermals) and also constructing non-rotating
and uniformly rotating axisymmetric equilibrium se-
quences. Such approximation may be acceptable for a
first order study on hot, rapidly rotating remnants of
neutron stars mergers and also on proto-neutron stars.
The nuclear model, used in the present work, provides
some advantages compared to other models, which in-
clude mainly: (a) the thermal effects (both in isother-
mal and adiabatic process) have been included in a self-
consistent way, (b) the model is flexible enough to pro-
duce EOSs from very stiff to very soft by modifying
properly the density dependence of the symmetry en-
ergy, (c) the parametrization of the model is also flexible
to reproduce properties of other microscopic calculation
concerning both the SNM as well as the PNM, and (d)
the momentum dependence of the potential interaction
(which is absent in the majority of the proposed mod-
els) is in accordance with the terrestrial studies and ex-
periments of heavy-ion reactions both for low and high
densities and temperatures. Future work could extent
the applications both in prior and post merger processes
including thermal effects on tidal polarizability, as well
as on other bulk properties, on simulations of the evolu-
tion of the merger, and processes of proto-neutron stars
and supernovae.
Neutron stars can rotate extremely fast at the stage
of born or in matter of merging. While the Kepler fre-
quency is an absolute limit on rotation, there are addi-
tional instabilities by which rotation may be limited if
they occur at lower frequencies. However, in this study
we focus on the effect of thermal pressure. In partic-
ular, although the thermal pressure begins to be less
important as we reach the interior of the neutron star,
that is not the case for the exterior region, where the
inflation of the envelope takes place. Hence, hot con-
figurations have lower frequencies than cold ones. This
effect is depicted in most neutron stars’ properties, as
they decrease with increasing temperature for uniformly
rotating neutron stars. Nonetheless, after a specific tem-
perature some properties, including the maximum grav-
itational mass (T ≥ 40 MeV) and the moment of inertia
(T ≥ 15 MeV), present a different behavior.
Focusing first on the maximum baryon and gravi-
tational mass at the mass-shedding limit, until T =
30 MeV both decrease with temperature, while for
T ≥ 40 MeV, the gravitational mass is increasing. Al-
though this is an interesting effect, baryon mass pos-
sesses the dominant role. The baryon mass that a
neutron star can support depends sensitively on the
temperature. The hotter the star, the lesser the sup-
ported baryon mass. Connecting this property with
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the merger remnant, we study the supramassive limit.
In the cold case is 3.085 M⊙ while for a hot one at
T = 30 MeV is 2.479 M⊙. These limits correspond to
merger components (assuming equal masses of compo-
nents) of ∼ 1.5425M⊙ and ∼ 1.2395M⊙ baryon masses
respectively. Henceforth, the maximally uniformly ro-
tating cold neutron star may support the merger rem-
nant but hot ones barely do (Abbott et al. 2017).
Concerning the moment of inertia, a quantity that in-
form us about the distribution of matter in the star as
it continuously changes its angular velocity and looses
angular momentum due to radiation, we observed a
peculiar behavior. As the temperature increases until
T = 15 MeV, moment of inertia decreases leading to
lower values of torques that the neutron star needs in
order to change its rate of rotation than the cold case.
However, although maximum moment of inertia of the
star still occurs at the cold EOS, after T = 15 MeV
moment of inertia increases leading to reverse results in
relation to previous cases. This effect has its origin in
the unique interplay between the gravitational mass and
the equatorial radius.
Kerr parameter can be of a crucial meaning as an indi-
cator of the collapse to a black hole. Our relevant study
shows that the maximum allowed value for this param-
eter is defined via the cold EOS. Thermal support in-
dicates lower values of kerr parameter, even at half the
ones of the cold catalysed matter. The endpoint is that
thermal support cannot lead a star to collapse into a
maximally rotating Kerr black hole. On the other hand,
it is fascinating the effect on the star. Although in the
cold case, after ∼ 1M⊙, kerr parameter is stabilized at a
constant value, when temperature is added, kerr param-
eter becomes an increasing function of the gravitational
mass leading to a maximum value.
An evidence related to gravitational collapse to a black
hole and the existence of stable supramassive neutron
stars is the ratio T/W . In the present study, we focus
in the case of the gravitational collapse. Taking into ac-
count only the instabilities originated from gravitational
radiation, the critical value of this ratio is ∼ 0.08 for the
Mgr = 1.4 M⊙ configuration (Morsink et al. 1999). As
in the case of kerr parameter, thermal support leads to
lower values for the ratio T/W . As a consequence, in-
stabilities driven by gravitational radiation never occur
in a hot, rapidly rotating neutron star. However, in the
specific case of T ≤ 2 MeV, the ratio T/W deviates from
the limit toward higher values. In this case, the criti-
cal value of T/W maybe set the limit for the maximum
gravitational mass and frequency. It is worth mention-
ing that studies related to the effect of the temperature
on the kerr parameter and the ratio T/W are very rare
and their existence may open a new window in neutron
stars studies.
An effective way to interpret the effects of temperature
on the EOS is the evolutionary sequences of constant
baryon mass. From these sequences the interest is fo-
cused on the central baryon density and its dependence
with the Kepler frequency. Specifically, for temperatures
T ≥ 15 MeV, a linear relation holds on between these
quantities leading to a universal behavior and descrip-
tion for the central baryon density at the mass-shedding
limit. Finally, independent of the sequences, it is worth
mentioning that the majority of the points are at baryon
densities below the critical value for stable non-rotating
neutron stars (except T ≥ 50 MeV). This creates a link
with the hot, rapidly rotating remnant and implies that
remnants with maximum baryon densities at or higher
than the one of non-rotating configuration could be un-
stable to collapse.
The immediate aftermath of GW170817 (Abbott et al.
2017) and GW190425 (Abbott et al. 2020a) had cre-
ated a hot, rapidly rotating remnant possibly at its
mass-shedding limit. Although it is most likely rotating
differentially, the uniform rotation approach can pro-
vide us with useful insight about the EOS. In case of
GW170817, a remnant with total mass ∼ 2.7 M⊙ had
created. In correlation with the MDI+APR1 EOS, with
respect to baryon mass, while the uniform rotation of
cold neutron star can support this remnant, hot EOSs
might not. Moving on to GW190425 event, the remnant
of ∼ 3.7 M⊙ is most likely unreal to be supported from
an EOS with uniform rotation. However, if differential
rotation is added, leading to higher masses, hot EOSs
probably can support the remnant maybe in both cases.
This possibility should be investigated further in future
work.
A very recent event, the GW190814 (Abbott et al.
2020b), had one of the components with mass∼ 2.6M⊙.
Until this moment, it is believed to be either the lightest
black hole or the most massive neutron star (Most et al.
2020). However, an approach in Ref. (Most et al. 2020)
suggests that this star was rapidly spinning withK in the
range [0.49, 0.68]. This case scenario is fully supported
in our study as its mass and kerr parameter coincide
with the supramassive limit of the MDI+APR1 EOS.
The latter may indicates that we have observed a neu-
tron star close or at its mass-shedding limit, being one
step closer to measure the Kepler frequency and impose
additional constraints to the EOS.
Future work should address the above analysis with
adiabatic EOSs, which are more suitable to describe
proto-neutron stars, supernovae, hot neutron stars and
neutron stars in matter of merging, considering in addi-
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tion to uniform rotation, rotating configurations based
on differential laws. Finally, the threshold mass and the
hot, rapidly rotating remnant should be throughout in-
vestigated as the LIGO and Virgo collaboration would
provide us with more events of neutron stars mergers.
7. NUMERICAL CODE
The general relativistic models of neutron stars have
been calculated by means of the code developed by
Gourgoulhon et al. (Gourgoulhon et al. 1999) which re-
lies on the multi-domain spectral method of Bonazzola
et al. (Bonazzola et al. 1998). This code is based on
the C++ library LORENE (LORENE 1998), a software
package for numerical relativity freely available under
GNU license. The main characteristics of the numerical
code are:
• The EOS is a barotropic one, P = P (n), in a tab-
ular form which includes the baryon density, the
energy density and the pressure.
• The whole space is divided into three domains as
follows,
– D1: the interior of the star,
– D2: an intermediate domain whose inner
boundary is the surface of the star and outer
boundary a sphere located at r = 2req (where
req is the equatorial coordinate-radius of the
star),
– and D3: the external domain whose inner
boundary is the outer boundary of D2 and
which extends up to infinity.
• The mapping adaptation is using one domain.
• The points in θ, φ, and r are: Nθ = 1× 25, Nφ =
1× 1 and Nr = 3× 49 respectively.
• The initial frequency of the rotating star is 100 Hz
and in low frequency areas (< 100 Hz) 10/50 Hz.
• The global numerical error is evaluated by means
of the virial identities, GRV2 and GRV3, where the
latter is a relativistic generalization of the classical
virial theorem. For the configurations presented in
this paper the relative errors are of order 10−6.
The authors thank Prof. K. Kokkotas for his construc-
tive comments on the preparation of the manuscript and
Profs. D. Radice and N. Stergioulas for the useful cor-
respondence.
Software: nrotstar from C++ Lorene/Nrotstar li-
brary (LORENE1998)
APPENDIX
A. PROPERTIES OF NUCLEAR MATTER
The total energy per particle can be expanded as follows
E(n, I) = E(n, 0) +
∑
k=2,4,···
Esym,k(n)I
k, where Esym,k(n) =
1
k!
∂kE(n, I)
∂Ik
∣∣∣∣
I=0
. (A1)
In particular, we considered the parabolic approximation in which the symmetry energy is given through
Esym(n) = E(n, I = 1)− E(n, I = 0). (A2)
The properties of nuclear matter at the saturation density are defined as (Constantinou et al. 2014, 2015)
L = 3ns
dEsym(n)
dn
∣∣∣∣
ns
, K = 9n2s
d2Esym(n)
dn2
∣∣∣∣
ns
, Q = 27n3s
d3Esym(n)
dn3
∣∣∣∣
ns
, (A3)
Ks = 9n
2
s
d2E(n, 0)
dn2
∣∣∣∣
ns
, Qs = 27n
3
s
d3E(n, 0)
dn3
∣∣∣∣
ns
, (A4)
where L, K, Q are related to the first, second and third derivative of the symmetry energy Esym(n), respectively. Ks
is the compression modulus and Qs is related to the third derivative of E(n, 0). The last property is the ratio of the
Landau effective mass to mass in vacuum for the MDI model (Prakash et al. 1997; Constantinou et al. 2014, 2015;
Moustakidis 2008), and given by
m∗τ (n, I)
mτ
=

1− 2nmτns~2
∑
i=1,2
1
Λ2i
Ci ± Ci−8Zi5 I[
1 +
(
k0
F
Λi
)2 [
(1± I) nns
]2/3]2


−1
. (A5)
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where τ corresponds to neutrons or protons.
B. SINGLE PARTIAL POTENTIALS OF HOT NUCLEAR MATTER
B.1. Symmetric nuclear matter
In order to calculate the single particle potentials as well as the effective mass, we consider as a starting point
the energy density of the symmetric nuclear matter which is given by Eq. (1) and (6) setting I = 0 and reads
as (Moustakidis 2007, 2008; Moustakidis & Panos 2009)
Esnm(n, T ) = 2
∫
d3k
(2pi)3
~
2k2
2m
fn(nn, k, T ) + 2
∫
d3k
(2pi)3
~
2k2
2m
fp(nn, k, T ) +
1
2
Ansu
2 +
Bnsu
σ+1
1 +B′uσ−1
+2u
∑
i=1,2
Ci
∫
d3k
(2pi)3
g(k,Λi)fn(nn, k, T ) + 2u
∑
i=1,2
Ci
∫
d3k
(2pi)3
g(k,Λi)fp(np, k, T ), τ = p, n. (B6)
Now, the single particle potential U τsnm(n, k, T ) is defined by the relation U
τ
snm(n, k, T ) = ∂Vsnm/∂nτ , where Vsnm =
Vint(n/2, n/2, T ) and is given by
U τsnm(n, k, T ) = U¯
τ
snm(n, T ) + u
∑
i=1,2
Ci g(k,Λi), τ = p, n (B7)
where
U¯ τsnm(n, T ) = Au +
B(σ + 1 + 2B′uσ−1)uσ
(1 +B′uσ−1)2
+
4
ns
∑
i=1,2
Ci
∫
d3k
(2pi)3
g(k,Λi)fτ (nτ , k, T ), τ = p, n. (B8)
B.2. Pure neutron matter
The energy density of the pure nuclear matter is given by Eq. (1) and (6) setting I = 1 and reads as
Epnm(n, T ) = 2
∫
d3k
(2pi)3
~
2k2
2m
fn(nn, k, T ) +
1
3
Ans(1 − x0)u2 +
2
3
Bns(1− x3)uσ+1
1 + 2
3
B′(1− x3)uσ−1
+
4
5
u
∑
i=1,2
(3Ci − 4Zi)
∫
d3k
(2pi)3
g(k,Λi)fn(nn, k, T ). (B9)
The single particle potential Unpnm(n, k, T ) is defined by the relation U
n
pnm(n, k, T ) = ∂Vpnm/∂nn, where Vpnm =
Vint(n, 0, T ) and is given by
Unpnm(n, k, T ) = U¯
n
pnm(n, T ) +
2
5
u
∑
i=1,2
(3Ci − 4Zi)g(k,Λi), (B10)
where
U¯npnm(n, T ) =
2
3
A(1 − x0)u+
2
3
B(1 − x3)uσ
[1 + 2
3
B′(1 − x3)uσ−1]2
[
(σ + 1) +
4
3
B′(1− x3)uσ−1
]
+
4
5ns
∑
i=1,2
(3Ci − 4Zi)
∫
d3k
(2pi)3
g(k,Λi)fn(nn, k, T ). (B11)
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